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Discrete Time and Intrinsic Length
in Quantum Mechanics
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We consider the possibility that simultaneously time and intrinsic length can be regarded
as discrete real parameters. We study the dynamics of the free particle. For both scattering
and bound states there are configurations where the energy is bounded from above
and from below even for positive wave-function solutions. For the case of continuous
evolution we show that the wave equation with a linear scalar coupling describes an
oscillator that has built-in hidden supersymmetry.
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Throughout the development of quantum mechanics, time traditionally ap-
pears as a continuous parameter. In Feynman’s path integration formulation for
a nonrelativistic particle, the probability amplitude for the particle to be at an
initial position at a timd = t; and at a final position dt= t; is given by the am-
plitude sum over all paths connecting the initial and final positions, apart from
a normalization constant. It is clear that the positioof the particle is not
treated on the same basis as its (real) timat a given time the path integra-
tion can be seen as over the whole range of eigenvalues of the position operator.
This thus points out the familiar difference betweeas anoperatorandt as a
parameter

This asymmetry is also clear in classical mechanics. The classical trajectory
of a particle is determined by the extremity of the action, which is functional to
the position. Whilex is the dynamical variabld, appears only as a continuous
parameter. By setting the variational derivative, we obtain the usual Lagrange
equation of motion, whose solution gives the classical path.

Our interest here is in the construction of a quantum mechanics with well-
specified equations of motion discrete time and disdrgténsic space. This is
motivated by the notion that at some small scale, time and space would be really
discrete. This has echoes in theories such as relativistic quantum mechanics with a
time associated with the electron’s Compton wavelength, and string theory, where
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the Planck time sets a scale at which conventional notions of space and time break
down.

In particle physics, a widely adopted convention is to use as the fundamental
units certain physical quantities which arenstants of naturéTwo constants of
this sort arec, the speed of light in vacuum, artd Planck’s bar constant. We
usually choose these constants as two of the fundamental units of our systems. As
a third unit we use the second or the centimeter as the conventional and arbitrary
unit of time or length. This choice is guided by the fact that the theory under
discussion arises from an intimate relation between special relativity characterized
by the constant and quantum mechanics characterizedhbyrhe need for a
theory involving fundamental time and length units has been the subject of much
speculation in the past and present but it seems safe to say that we are far from
understanding the role of such units in existing theories.

There are several situations in physics where it is convenient or necessary to
replace the continuous time (temporal evolution) and the continuous length pa-
rameters with a discrete parameters. There have been various attempts to construct
classical and quantum mechanical theories on the basis of these notions, such
as the works of Lee (1983), Caldirola (1978), Kadyshevsky (1978; Kadyshevsky
and Mateev, 1981), Golden (1991), and Farias and Recami (1997). The works of
Yamamotoet al. (1995), Hashimotet al. (1995), Klimek (1993), Jaroszkiewicz
and Norton (1997), Milburn (1991, 1998), and Bruce (2001) show that the subject
continues to receive attention.

The underlying postulate is that on sufficiently short-time steps the system
does not develop continuously under unitary evolution but rather in a sequence of
identicaltransformations. The inverse of this time step is the mean frequency of
the steps. If the time step and consequently the space step are small enough, the
evolution appears approximately continuous on laboratory time scales. To zeroth
order the Schodinger equation is recovered.

Often we utilizel, m, s (mks or cgs), or ratheg, h, s (natural units), as basic
unit systems. Here we shall consider a different set, namely etherx) or (c, h,

A) as unit systems, wheteanda are natural units of time and length, respectively.

Given the fact that time and space appear in the free particle Dirac operator
as derivatives with respect to time and space, we conjecture that a scalar term also
enters as a single partial derivative in the mass term of the Dirac operator. Notice
that, like the time derivative on the Dirac statBsthis term is always present in
the Dirac hamiltonian, even in the rest mass frame system of the particle. Thus for
continuous evolutiothe modified Dirac equation should read

HpW(x, p) = —i hc(a- i + Ei) W(x, p) = ihw

"axi T gap
whereg is a dimensionless constant parameter to be specified in the sequel. The
variable p is anintrinsic scalar coordinate under Lorentz transformations. This
coordinate is associated with the constant internal momeghienThus in Eq. (1)
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we are demandingwaeakcondition upon¥, namely

2 a2 2
seo  (C\° D d
—CcV—|-) S+ —= |¥Xx) =0. 2
[ (g) ap2+at2} *) @)
For stationary states we have
W(X) = We, (x) = Wo(p) € PH+aMe-EoD), 3)

Notice that Eq. (1) is formally equivalent to Feynman’s parametrization of the
Dirac equation (Aparicicet al, 1995; Feynman, 1951). However, heses a
scalarcoordinate not a timeparameter

A direct consequence of Eq. (l) is thatis not a constant of the motion. In
fact, in the Heisenberg picture,

® o Ho.nl=cp. (4)
FromHp in Eq. (1) we find thafHp, 8} = 2cp,. Furthermore
[Ho, 8] = {Ho, B} — 28Hp = (2cp,Hy* — 28) Ho. )
Hence we get a differential equation féy
O LiHo. 1= =2 (5~ cn,Hy™) Ho. ®)
Consequently, by defining
n=pg-cpHpt, (7
we obtain to first order a linear differential equation for
Dk, ®)
whose solution is (Barut and Bracken, 1981)
n(t) = n(0)e” 7" = ety (0). ©)
Therefore from (7) and (9) we find that
B =cp,Hp + (B — cp,Hp?) e 7, (10)
so that
% - Iﬁ[HD' pl =08 =c?p,Hy" +c(B—cpHp?) e T (11)

which we integrate to give
ihc i
p(t) = p(0)+ P Ho 't + = (B —cp,Hp ) Hpte v, (12)

with p(0) a constant (operator) of integration. The second term of Eq. (12) grows
linearly with respect to timé by analogy to the classical result. The remaining
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contribution top describes a microscopic, high-frequeiterbewegunghat, in
the rest frame system, is characterizedhy2Mc, half the Compton wavelength
of the spin 1/2 particle, and an intrinsic frequendy &/ h.
As an example of a bound state problem for Eq. (1), we shall consider the
minimal coupling prescription

P —> Py —1i (%) Ysp. (13)
Thus Eq. (1) becomes
HpW(x, p) = —i hc{“i % + B [% + <A_12) Vsp]} Y(x, p) = ih%’
(14)
with
W(x, p) = enPx-Elgp(p). (15)

Notice that like in the case of the Dirac oscillator (Moshinsky and Szczepaniak,
1989), although the minimal coupling (13) is not hermitian, after replacing it into
Eqg. (14), the hamiltonian remains hermitian. By replacing Eq. (15) into Eq. (14)
and applyingHp on the left-hand side of Eq. (14), the eigenvalue problem turns
out to be

2 2 2
Eé@@)=!c%2+c2{49£;-%(;) pZ—(g) %}}¢@) (16)

Therefore the solutions fap have the form

o.0= ("), e m=("" ) 17)
¢ (p) —¢(p)
For the eigenfuction®,, of (16) we have that
on(p) = [ @A/ 0o (o). (18)

Herea', a are ladder operators for the one-dimensional harmonic oscillator, and
vo(p) = (Mmw/mh)Y/4 exp(=(mw/2h)p). By replacing Eq. (18) into Eq. (17), the
associated energy eigenvalues are then

1
E+ = :|:\/C2p2 —+ 2h2(,()2 <n =+ E) — hz(,()z,

1
E_= :I:\/czp2 + 2h2w? (n + 5) + h2w?, (19)
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respectively. In the rest frame system=t 0) and for positive energies, , E_ >

0, E; andE_ take the same values (twofold degeneracy) except one, namely the
ground state which has the valug.[(p = 0)],—0 = 0. Therefore there exists a

N = 1 hidden supersymmetry associated with this oscillator, analogous to the
case ofN = 2 supersymmetry found in the Dirac oscillator (Dieit al., 1992;
Martinezet al., 1991). In fact from (16) we can write

H3 = (¢?p? + 2hwHsg), (20)
with
HSS= {Qv QT}, Q2 = (QT)2 = 0, (21)
where
1 1
Q= E(hw) ao_, Qf = E(ha))aT@. (22)

Hereoy = o1 % i 02 with o the Pauli matrices.

Following Martinezet al. (1991), we construct generators of the su(2) Lie
algebra out of the supercharg€sand Q' and perform a Foldy—Wouthuysen
transformation to reduckHp, to the form

H, = B(c?p? + 2hwHsg) Y2 (23)

This shows the stability of the Dirac vacuum.

For the case ofliscrete evolutionwe can choose the time interval to be
8t = = h/Mc?, whereM is, for instance, the mass associated with the Compton
wavelength of a given spin 1/2 particie;, or my, = /h¢/G the Planck mass.
Sincec andh are natural constants, for the rest frame system Eq. (1) tells us that
p takes also discrete values with spaciipg= . = h/Mc. Thus we replace the
corresponding partial derivatives by finite differences. To have unitary evolution
(Bruce, 2001; Caldirola, 1978; Farias and Recami, 1997) we make use of the
so-called symmetric derivative:

voosv v —W(p — h A
v W W(p+3p) — W(p 8p)=Xsin<gFMc>\y(x,p),

B op 26p

oW SV W(t4+st)—W(t—58t) h . [t

— — = = —sin| —E ) ¥(x, p), 24
ot ot 25t T (. ) @4)

with E = +,/c2p2 + M2c?, Thus
gA

h h T
HpV = | —ihcx - V — sin| —M ¥ =FEp¥V =—sin{ —E ) W.
D [ I hco +C’8gk sm( h c)} D - sm(h )

(25)
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Fig. 1. The functions Z(u) = 1+sirfu—u? and Y(u) =
sir? u/u?. They coincide only fou = 0, 1.

Next, from Eq. (25) we get the relation

. 2
E
E2 = E2 — M%* + M%c* (%) — M%c* sir? <W> . (26)

(?)2 145 (%) - (%)2 (27)

Thus in principle the only possible value fgiis either O or 1, as shown in Fig. 1.
To have a finite solution we chooge= 1. Hence from Eq. (26) we find the
energy eigenvalues dp:

so that

h

Ep=-— sm(z E) , (28)
T h

for a state with eigenvalu& of H. Thus bound states have a maximum and a

minimum value for the energy of the excited stateg:= +h/r = £Mc?. Then

we can write

5 . E
Ep = Mc sm(Mcz>. (29)
Hence Ep reaches its maximum value for relativistic valuesjf- Mc? < (r/2)
Mc?],i.e., when creation and annihilation of particles take place. In such a situation
we must call for a (quantum) field theory treatment.

Particularly, for the case of the Dirac oscillator (Moshinsky and Szczepaniak,
1989), withw = Mc?/h, and fors states withE > 0, we get

(Ep)n = he sin[w/Z(n n 1)] . nez.. (30)
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Therefore we obtain an energy-bounded oscillattvy < (Ep), < hw, i.e., there
exist solutions with negative energy eigenvalues, with unequal spacing between
energy levels, even for positive eigenstatesiof

To conclude, for the case of continuous evolution, the alternative Dirac os-
cillator does exhibit supersymmetry and also ensures the stability of the Dirac
vacuum.

On small intrinsic time scales (e.g., the proper time associated with
Compton’s wavelength in relativistic quantum mechanics) we conjecture that the
system evolves by a sequence of real-time-like steps generated by the hamiltonian.
The Schodinger equation is obtainedmeh order in the expansion real parameter.

For both scattering and bound states with positive energy (negative energy) solu-
tions for the standard Dirac equation, Eq. (29) predicts the existence of negative
(positive) energies.

Finally, we want to briefly comment on the early paper by Snyder (1947;
Yang, 1965). He showed that Lorentz invariarcb@esnotrequire that a four-
dimensional spacetime be continuous. To this end, he defines a Lorentz Lie algebra
and a generalized spacetime operators on homogeneous coordinates of a four-
dimensional De Sitter space, together with suitable energy-momentum operators.
Itis clear that our approach is more straightforward: As shown in Bruce (2001), for
the canonical pairg', p!, andp', p!, similar commutations relations can be found
for a basic relativistic quantum system, where the energy is given by Eq. (29).

We should mention that, as far as a discrete parameter has been used for time
evolution, our theory lacks of explicit Lorentz invariance.
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